Abstract. We give an infinite sequence of mutually non-conjugate surface braids with same degree representing the trivial surface-link with at least two components and a pair of non-conjugate surface braids with same degree representing a spun (2, t)-torus knot for t ≥ 3. To give these examples, we introduce new invariants of conjugacy classes of surface braids via colorings by Alexander quandles or core quandles of groups.
Introduction
In 1-dimensional knot theory, links and braids are closely related by Alexander's theorem and Markov's theorem; i.e., any link type in R 3 can be represented as the closure of a braid, and two braids represent the same link type if and only if they are related by conjugations, stabilizations and destabilizations. A stabilization or a destabilization changes the number of strands, although a conjugation keeps it. There is a natural question: Can two braids of n strands representing the same link types be related by conjugations? The answer is negative. The first counterexample was given by H. R. Morton [11] , who showed that there exists an infinite sequence of mutually non-conjugate braids of 4 strands representing the trivial knot (cf. [2] ). This result was generalized in [3, 12, 13, 14, 15] . In this paper, we would like to study a similar problem for surface-links and surface braids.
In 2-dimensional knot theory, there are similar theorems to Alexander's theorem and Markov's theorem; i.e., any surface-link type in R 4 is represented as the closure of a surface braid, and two surface braids represent the same surface-link type if and only if they are related by braid ambient isotopies, conjugations, stabilizations and destabilizations. Alexander's theorem in dimension four was announced by O. Viro [17] and proved by S. Kamada [7] , and Markov's theorem in dimension four was proved by S. Kamada [8, 10] . I. Hasegawa [4] gave the first examples of a pair of non-conjugate surface braids with degree 5 representing a 4-component surface-link. Here, degree is the number of 2-dimensional "strands". (See §2 for the concrete definition.) We prove the following theorems in this paper. To prove these theorems, we introduce new invariants of conjugacy classes of surface braids via colorings by Alexander quandles or core quandles of groups. These invariants are very simple and useful.
This paper consists of four sections. We review surface braids and their chart descriptions in §2. In §3, we define invariants of conjugacy classes of surface braids. In §4, we prove our theorems.
Preliminaries
A surface-link F is a closed oriented surface embedded in Euclidean 4-space R 4 locally flatly. If F is connected, then it is called a surface-knot. A 2-link is a surface-link consisting of 2-spheres. A surface-knot F is trivial if F bounds a handlebody in R 4 , and a surface-link F is trivial if F is a split union of trivial surface-knots. Two surface-links F and F are equivalent if there is an orientationpreserving homeomorphism f : 
If two surface braids S and S are equivalent, then they are braid ambient isotopic. There is an example of a pair of surface braids that are braid ambient isotopic but not equivalent (cf. [10] ).
For a surface braid S of degree m, we have a surface-link obtained from S by attaching m parallel 2-disks onto the boundary of S in R 4 \D 1 × D 2 . We call the surface the closure of S. An example of a 4-chart is given in Figure 1 . A vertex of degree one or six is called a black vertex or a white vertex, respectively. An edge attached to a white vertex is called a middle edge if it is the middle of the three consecutive edges which A conjugation for a chart is an operation inserting some boundary parallel hoops. For an m-chart Γ, an m+1-chart is obtained from Γ by inserting a free edge labeled by m. This operation is called a stabilization, and the inverse operation is called a destabilization. See Figure 4 . A conjugation, stabilization and destabilization for a surface braid are operations corresponding to a conjugation, stabilization and destabilization for a chart, respectively. We have the following lemma. 
Invariants
In this section, we review quandle colorings of a chart [4, 6] and introduce invariants of conjugacy classes of surface braids.
A quandle is a set X with a binary operation * : X × X −→ X satisfying the following properties: Figure 6 . Example of an R 3 -coloring Figure 5 . The set of X-colorings of Γ is denoted by Col X (Γ). An example of an R 3 -coloring of a 4-chart is given in Figure 6 . If C(λ) = (y, . . . , y) for λ ∈ Σ(Γ) and for some y ∈ X, then we call C by a trivial X-coloring. Remark 3.2. The above definition of a quandle coloring of a chart is a natural interpretation of a quandle coloring of a surface-link represented by the chart. It is known that the number of quandle colorings are invariants of surface-links. Furthermore, it is also known that if two m-charts Γ and Γ are related by a C-move or a conjugation, then there is one-to-one correspondence between Col X (Γ) and Col X (Γ ) for any quandle X. This can be proved only in terms of charts by checking for a conjugation, a C II -move, a C III -move or generators of C I -moves given in [1, 16] . It is noted that the one-to-one equivalence does not change colors of regions that are fixed by a C-move or a conjugation for any X-coloring.
Let Γ be an m-chart and X be an Alexander quandle or the core quandle of a group. We define a map κ :
when X is an Alexander quandle and by
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use when X is the core quandle of a group, where C(λ) = (y 1 , y 2 , . . . , y m ) for λ ∈ Σ(Γ). Suppose that X = R n . Then by Equation (1),
On the other hand, by Equation (2),
Thus, the two definitions in Equations (1) and (2) coincide. If X is an Alexander quandle and the core quandle of a group, then X is a dihedral quandle. Thus, κ(C, λ) is well-defined.
Lemma 3.3. The map κ(C, λ) is independent of the choice of λ.
Proof. Let λ 1 (or λ 2 ) be a region that is the left side (or right side) of an edge labeled by i ∈ {1, . . . , m − 1}. It is sufficient to prove that κ(C,
If X is the core quandle of a group, then we have
for any x, y ∈ X. Thus,
Therefore we have κ(C, λ 1 ) = κ(C, λ 2 ).
By Lemma 3.3, we denote κ(C, λ) by κ(C).
We define a multi-set Proof. Let Γ and Γ be m-charts such that Γ is obtained from Γ by a C-move or a conjugation. By Remark 3.2, there is one-to-one equivalence between Col X (Γ) and Col X (Γ ). Let C be an X-coloring of Γ and C be the X-coloring of Γ corresponding to C. By Remark 3.2 and Lemma 3.3, κ(C) = κ(C ). Thus, we prove this theorem. An oval nest is a free edge together with some concentric hoops. A chart is ribbon if it is C-move equivalent to a chart consisting of some oval nests.
Remark 3.5. In [4] , I. Hasegawa defined another invariant of conjugacy classes of surface braids. Hasegawa's invariant requires that any surface braid corresponding to a ribbon chart has a specific value. By Hasegawa's invariant, we have the first example of a non-ribbon chart representing a ribbon surface-link and a pair of nonconjugate surface braids. The invariants K X do not help us to study whether a chart is ribbon or not, but they are useful in studying whether two ribbon charts are conjugate or not, as in §4. Figure 8 for B q 2,0,0 . Then κ (C a 1 ,a 2 ,...,a s 
Proofs
Since both p and q are prime, we prove this lemma. Proof of Theorem 1.2. It is known that a spun (2, t)-torus knot is represented by a 3-chart C t depicted in Figure 9 ( [10] ). Let D t and E t be 4-charts depicted in Figure 10 for odd t. By a similar argument to the proof of Lemma for any a, b ∈ R t . Thus, we have 
